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ABSTRACT: The design of upconversion phosphors with
higher quantum yield requires a deeper understanding of the
detailed energy transfer and upconversion processes between
active ions inside the material. Rate equations can model those
processes by describing the populations of the energy levels of
the ions as a function of time. However, this model presents
some drawbacks: energy migration is assumed to be inﬁnitely
fast, it does not determine the detailed interaction mechanism
(multipolar or exchange), and it only provides the macroscopic
averaged parameters of interaction. Hence, a rate equation
model with the same parameters cannot correctly predict the
time evolution of upconverted emission and power dependence under a wide range of concentrations of active ions. We present a
model that combines information about the host material lattice, the concentration of active ions, and a microscopic rate
equation system. The extent of energy migration is correctly taken into account because the energy transfer processes are
described on the level of the individual ions. This model predicts the decay curves, concentration, and excitation power
dependences of the emission. This detailed information can be used to predict the optimal concentration that results in the
maximum upconverted emission.

■

INTRODUCTION

Upconversion phosphors are an important kind of material for
research and industry, especially in the biomedical ﬁeld.1−3
These materials emit a high-energy photon after absorbing two
or more lower-energy ones.
Trivalent lanthanide ions like Yb3+, Er3+, and Tm3+ are
commonly used for their upconversion properties, as they have
several long-lived metastable states that are in resonance with
each other. The ions can be doped into crystals or glasses or be
coordinated with organic molecules. In this article we focus on
crystalline materials, like β-NaYF4: Yb3+, Tm3+, although some
results can be extended to glasses.
The three main mechanisms for upconversion depend on
long-lived metastable states and diﬀer on the number of ions
taking part (see Figure 1).4,5 In the following we refer only to
one-color excitations, that is, experiments that use one narrow
excitation source of a well-deﬁned energy.
(1) GSA/ESA: Ground state absorption/excited state
absorption involves the sequential absorption of two photons:
ﬁrst from the ground state to an excited metastable state and
then from that long-lived state to a higher-energy excited state.6
This is a single ion process (Figure 1a).
(2) GSA/ETU: Energy transfer (ET) involves two ions,
which can be of the same kind. One of the ions absorbs a
photon and remains in a metastable state, and then it transfers
its energy to the second ion, pumping it to an excited state.7 If
the second ion was already in an excited state, the energy
transfer will pump it to an even higher-energy excited state, and
the process is named GSA/ETU (ground state absorption/
energy transfer upconversion) (Figure 1b). The opposite
© 2015 American Chemical Society

Figure 1. Three main mechanisms for upconversion: (a) GSA/ESA:
ground state absorption/excited state absorption, (b) GSA/ETU:
ground state absorption/energy transfer upconversion, and (c)
cooperative sensitization.

process is cross-relaxation, by which an ion in an upper excited
state transfers its energy to an ion in a lower state, both ending
in intermediate excited states (i.e., not a ground state).
(3) Cooperative sensitization involves three ions, usually two
of the same kind. The two ﬁrst ions transfer their energy
simultaneously to the third one (which does not need to have
an intermediate excited state), pumping it to an excited state
(Figure 1c).
These processes can be distinguished using decay time,
excitation, concentration, and power dependence experiments.4
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energy transfer and upconversion for each material. They
depend on diﬀerent conditions such as concentration,
excitation power, distance between the ions, and the detailed
mechanism of interaction between the active ions.
We propose a model that combines the advantages of the
average rate equation model (ability to model nonlinear
upconversion processes, ﬂexibility to add as many interactions
as necessary) but avoids its main drawbacks (inﬁnitely fast
speed of energy migration, average macroscopic energy transfer
rates). The parameters of the model can be ﬁtted with
experimental data of a few samples. This model predicts decay
curves for diﬀerent concentrations and excitation powers with a
unique set of microscopic parameters. Moreover, the
parameters obtained characterize the microscopic interactions
between ions, and therefore, the model oﬀers a clearer picture
of the processes inside the material, especially the contribution
of energy migration to the upconversion eﬃciency.19
All the software described in this article is available on
request to the ﬁrst author.

However, for systems with a more complex electronic structure,
the correct mechanism is diﬃcult to ascribe unambiguously to
one of these processes. The most eﬃcient of these three
processes is GSA/ETU (η = 10−3 cm2 W−1), then GSA/ESA (η
= 10−5 cm2 W−1), and ﬁnally cooperative sensitization (η =
10−6 cm2 W−1).5
Two kinds of ions usually participate in an upconversion
phosphor: sensitizers (S, also named donors) that absorb
energy from the light source and activators (A, also named
acceptors) that emit light at a shorter wavelength. Sometimes
the same ion performs both functions, like Er3+. Yb3+ is often
used as a sensitizer because it has only one excited state and
also a large oscillator strength (σabs = 1 × 10−21 cm−21 in βNaYF4).
For ions of the same kind, “energy migration” describes the
successive energy transfer steps among a large number of ions
that transport energy over large distances inside the crystal. The
energy migration rate depends strongly on the concentration
and enhances upconversion eﬃciency because the energy will
reach sensitizers that are close to an activator, even if they were
initially not excited.
The eﬃciency of the phosphor is also greatly aﬀected by the
transfer probability from S to A, that itself depends on the
interaction between the ions, the concentration, the distance
between each ion pair, and the spectral overlap between S
emission and A absorption. To improve the eﬃciency of
upconversion phosphors, better knowledge of these internal
mechanisms is crucial, and for that, several models have been
developed.
The most commonly used models predict analytically the
dynamics of the sensitizer as a function of time.8
In the simplest case, energy migration among sensitizers is
absent, and only energy transfers from S to A ions take place.
These assumptions are the basis for the Inokuti−Hirayama
theory.9 Moreover, this theory only treats linear energy
transfers, that is, transfers to ions in their ground states, so it
cannot model upconversion processes.
More advanced theories take into account energy migration
among sensitizers. The hopping model of Zusman10,11 and
Burshtein̆ 10,12,13 describes energy migration as a series of
“hops” of the excitation from one sensitizer to the next one and
quantiﬁes migration using an average hopping time. The
diﬀusion model of Yokota-Tanimoto14,15 applies the classical
diﬀusion formalism, so that a diﬀusion constant quantiﬁes
energy migration. Both the diﬀusion and the hopping model
can ﬁt the same data, so the diﬀusion constant and the hopping
time are related to each other, but not in an analytical
manner.16 These theories also only consider transfers to ions in
their ground states.
A nonlinear theory is Grant’s average rate equation model.17
A system of coupled diﬀerential equations describes the
population of all relevant energy states as a function of time.
The equations can include nonlinear terms in the populations,
and hence this theory can model upconversion processes.
However, it assumes that energy migration among the ions is
very fast, so that no ion in the sample diﬀers much from the
average. Zubenko’s model extends Grant’s model to include a
term that accounts for the ﬁnite speed of energy migration.18 A
more recent paper has explored the validity of Zubenko’s model
in the presence of distinct spectroscopic classes of ions.8
The predicted decay curves given by a model are directly
comparable with experimental data. Performing a ﬁt between
model and experiment results in the macroscopic rates of

■

EXPERIMENTAL METHODS
The synthesis of the β-NaYF4: Yb3+, Tm3+ powder samples has
been described elsewhere.19 The microcrystal size is about 1−3
μm.
The lifetime measurements were carried out with an Opotek
OPO laser as the excitation source, with a pulse width of 7 ns
and a repetition rate of 10 Hz. The power was kept to a
minimum in order to avoid the saturation of intermediate levels
of Tm3+. An Edinburgh ﬂuorometer with a single emission
monochromator and a UV/vis or NIR PMT were used to
detect the light. A single-photon counter and a multichannel
analyzer were used to record the decay curves.
For the emission and power-dependence measurements, a
Spectra-Physics titanium:sapphire laser was used as the
excitation source, and a SPEX double monochromator (1.5 m
focal length) and a PMT were used to record the spectra.
Neutral density ﬁlters were used to decrease the excitation
power in order to avoid changing the size and shape of the laser
beam.

■

THEORETICAL BACKGROUND

In this section we explain several concepts important to
upconversion in doped crystals: the relationship between the
average transfer rates, the host lattice, the distribution of
distances between ions, and the microscopic transfer rates.
Finally, we discuss the importance of self-trapping and selfquenching.
Average Energy Transfer Rates. Average energy transfer
(ET) rates can be determined by measuring lifetimes of
samples with diﬀerent concentrations. A sample without
activators and a low concentration of sensitizers is not aﬀected
by energy transfer, assuming a statistical ion distribution. Its
lifetime τexp will be the “intrinsic” lifetime of the sensitizer ion,
which is a combination of the radiative Wrad and nonradiative
Wnr de-excitation probabilities

1
= Wrad + Wnr
τexp

(1)

The S lifetime decreases with increasing A concentration
because of the additional decay channel caused by ET with
probability WET
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1
= Wrad + Wnr + WET
τexp

assumed, so that the presence of one ion in a particular lattice
site does not aﬀect the probability that another ion will occupy
the neighboring sites. If trivalent ions are doped into a lattice
with aliovalent sites, ions often cluster into dimers, trimer, etc.,
so that this assumption does not hold anymore. Our model
allows us to include clustering, but in the following we always
assume a random distribution, as it is adequate for our example
material β-NaYF4: Yb3+, Tm3+.
A model cannot correctly predict energy transfer and
upconversion phenomena for diﬀerent concentrations if an
identical S−A distance distribution is assumed because of the
large eﬀect of the concentration on the distance distributions, as
shown in Figure 2. This justiﬁes the eﬀort necessary to include
the eﬀect of host lattice distances in our more complete model.
Microscopic Energy Transfer and Upconversion Rates
WET(R). The probability of energy transfer between two ions
depends strongly on their distance. It also depends on other
factors: the absorption coeﬃcient, the index of refraction of the
material, the overlap between the emission spectra of the
sensitizer and the absorption spectrum of the activator, and, in
the case of the exchange interaction, the overlap between the
orbitals of the relevant interacting electrons. The energy
transfer interaction can be approximated in a multipolar
expansion (each term depending as an inverse power of the
distance) when the overlap between the electronic wave
functions is negligible. However, when the overlap is signiﬁcant,
the energy transfer probability adopts the form of the exchange
interaction and depends exponentially on the distance.
For a multipolar interaction, the probability WET depends on
the distance R16,20,21

(2)

The average ET rate WET takes into account the microscopic
ET rates between each individual pair of sensitizer and
activator. This combination depends on the distribution of
distances between the ions, their concentrations, and the
detailed mechanisms of interaction. Both the distances between
ions (pathway) and the mechanisms of ET change with the
lattice. The average ET rate is thus a combination of the
microscopic rate WET(R) and a lattice function G(R)
⟨WET⟩ =

∫0

∞

WET(R )G(R )4πR2dR

(3)

The microscopic rate WET(R) comprises the detailed
mechanism of interaction between two ions, and the lattice
function G(R) represents the distribution of distances in the
lattice.
Concentration and distances are not independent of each
other. Increasing the concentration decreases the average
distances between ions, and vice versa. High concentrations are
associated with an increase of unwanted impurities and lattice
defects, which complicates the analysis.
Lattice Function G(R). The lattice function G(R)
represents the distribution of distances between the relevant
interacting ions in a lattice. It depends on the lattice symmetry,
unit cell parameters, and the ion concentration. Lower
concentrations correspond to larger ion−ion distances and
vice versa.
Many models do not take the lattice into account and assume
that all transfers happen between ﬁrst neighbors at the closest
distance or at an average distance, or assume a continuous
distribution of ions. However, the distance distribution changes
with concentration and is diﬃcult to characterize with just one
parameter such as the mean or median.
Figure 2 shows histograms of the ﬁrst neighbor distances
between sensitizers and activators (S−A) and between

WET(R ) =

Cp
Rp

(4)

where p = 6, 8, 10, ... corresponds to dipolar−dipolar, dipolar−
quadrupolar, and quadrupolar−quadrupolar interactions, and
the Cp can be diﬀerent for each multipolarity.22 These constants
depend on other factors
Cp ∝

1
σAS(A , E)
n 4τ0

(5)

where n is the index of refraction of the material at the
transition wavelength; τ0 is the lifetime of the sensitizer; σA is
the integrated absorption cross section of the activator, and
S(A,E) is the spectral overlap between the normalized peak
functions of the emission (E) of the sensitizer and absorption
(A) of the activator.
For the exchange interaction
⎛ 2R ⎞
WET(R ) = K 2 exp⎜ − ⎟
⎝ L ⎠

(6)

where K is a scale parameter for the strength of the interaction
and L the parameter that controls the distance decay of the
interaction.
The case where both interactions are relevant is more
diﬃcult. They can be added together using weight factors as
free parameters to control the relative strength of either
interaction.
Rate Equations. Average rate equation models reproduce
the population dynamics of a system of energy levels as they
undergo decay and energy transfer.
The average rate equation system consists of one diﬀerential
equation per energy level. This equation includes the diﬀerent

Figure 2. Histograms of ﬁrst neighbor distance distribution between
Yb3+ and Tm3+ in the lattices β-NaYF4: x% Yb3+, 0.3% Tm3+. The inset
shows the Tm3+−Tm3+ distribution.

activators (A−A) for diﬀerent sensitizer concentrations,
where Yb3+ ions are the sensitizers and Tm3+ the activators.
These histograms do not fully represent G(R) because G(R)
also includes second neighbor distances, third neighbor
distances, etc.
For lanthanide ions of identical charge and comparable ionic
radii, a random distribution over trivalent cation sites is usually
23650
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into account then the decay curves of the aﬀected ions should
not be used in the ﬁtting procedures.

processes that increase or decrease the population of the given
level. Except in very simple cases, the solution of the system of
diﬀerential equations is found by numerical methods. The
solution gives the population of each level as a function of time.
Comparing the population of the excited states to the
experimentally measured decay curves results in the average
energy transfer rates.
An important assumption of an average rate equation model
is that the energy migration between ions of the same kind is
inﬁnitely fast, so that every ion has the same environment. This
assumption holds for concentrated systems of trivalent rare
earth ions but not for diluted ones.
In order to be able to use the rate equations (which are very
useful for upconversion modeling) but still be able to take into
account the ﬁnite speed of energy migration and to determine
the detailed energy transfer parameters, we propose a new
model and explain it in Description of the Model.
Self-Trapping and Self-Quenching. The lifetime of S will
change when the concentration varies from very low (in the
order of 0.01%) to very high (∼100%) because of self-trapping
(that increases the lifetime) and self-quenching (that decreases
it).23,24
The ﬁrst eﬀect results from the reabsorption of emitted light
by the same kind of ion (S or A) at another point in the sample.
Light takes more time to leave the sample, and therefore a
decay experiment will detect a longer lifetime. It is possible to
reduce the strength of self-trapping by diluting the sample in an
optically inactive medium like BaSO4 or measuring the decay
curves using the pinhole method.25,26
Self-quenching results from the increase in the number of
traps (nonradiative impurity ions or lattice defects) when the
concentration increases. S ions transfer energy to those traps
(or killers) which then decay nonradiatively, quenching the
emission and reducing the lifetime.
The model does not take either eﬀect into account. Selfquenching can be treated as a concentration-dependent transfer
parameter to ions that do not emit any light, i.e., the rate
equations for each S ion would include the expression
−Wtrap(XS)NiES, where Wtrap(XS) is a transfer parameter that
changes with the concentration of S XS in a way that reproduces
the experimental lifetimes. It is diﬃcult to interpret this transfer
parameter because the type and concentration of the impurities
are unknown.
Self-trapping can also be modeled by adding a term in the S
ion rate equations that absorbs a fraction of the light emitted by
other S ions. This fraction is at each time point in the
simulation fstki∑NiES, where fst is the self-trapping parameter,
related to the absorption cross-section of the ion, the size and
shape of the sample, and the geometry of the experiment. This
parameter is chosen so that the lifetime of the S ion reproduces
the experimental data.
Although both eﬀects change the S decay curve, there is a big
diﬀerence between them. Self-quenching decreases the lifetimes
by adding a new decay channel to the population to the S rate
equations, whereas self-trapping only changes the lifetime in
appearance because the term is not a new form of decay or rise.
The concentrations at which the lifetime of an ion increases
due to self-trapping and then decreases due to self-quenching
depend on the purity of the precursors, synthesis processes,
size, and shape of the material.
Thus, predicting the decay curves of an ion at high
concentration is a diﬃcult task. If both eﬀects are not taken

■

DESCRIPTION OF THE MODEL
In order to include distance-dependent probabilities in the rate
equations, we have developed a model and implemented it as a
MATLAB program. The program builds a lattice with the
appropriate unit cell and concentration of optically active ions
as inputs. It then calculates the distance between each pair of
active ions in the lattice. It assigns to each ion a rate equation
system that describes the dynamics of each of its energy levels,
including all the interactions with the surrounding S or A. In
order to do that, the program goes over every ion and calculates
the appropriate interaction term using eqs 4 and 6. The total
transfer rate is the sum of the individual ones. With all
interaction terms calculated, the system of coupled diﬀerential
equations is solved using numerical methods. Finally, it is
possible to ﬁt the simulated solution with the experimental
data.
As an example, we will focus on β-NaYF4 doped with Yb3+
and Tm3+. The Yb3+ ions act as sensitizers under 980 nm
infrared radiation excitation, whereas the Tm3+ ions are the
activators. We now discuss each step of the simulation in detail.
Simulation of the Lattice. We developed a computer code
(using MATLAB) that generates a list of (x,y,z) positions for
rare earth (RE) dopant ions in β-NaYF4, the distances between
each pair of ions (up to a cutoﬀ value), and a list indicating
whether the ion is a sensitizer or an activator. This program
needs as inputs the unit cell parameters and atomic positions
(Figure 3), the concentration of the S and A ions, the number
of unit cells, and the cutoﬀ distance.

Figure 3. β-NaYF4 unit cell. Yb3+ and Tm3+ substitute on Y3+ positions
(1a and half of 1f).27

For this example, we simulated lattices from 15 × 15 × 15
(approximate edge length 10 nm) up to 50 × 50 × 50 unit cells
(approximate edge length 300 nm), with diﬀerent concentrations of S and A ions and cutoﬀ distances from 20 to 50 Å.
The cutoﬀ distance is the maximum distance between two ions
that is taken into account, and ions further away do not directly
interact. The smallest simulated lattice contains about 2000
ions and the largest about 61 000 ions. We used the detailed
structural model for β-NaYF4 developed by Aebischer et al.27
The space group of β-NaYF4 is P6̅, and the unit cell parameters
are a = 5.96606(13) Å, c = 3.51738(6) Å, and V = 108.424(5)
Å3.
Individual Rate Equations. The program assigns a system
of rate equations to each lattice position occupied by an S or A
ion. The system describes the population probabilities of the
ion’s energy levels. These rate equations have the form28
23651
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dNsi
= f (Npi , ..., Nqj , ...)
dt

As explained before, it is not always necessary to include all
energy levels of an ion in the rate equations but only those that
are involved in the relevant mechanisms. In this case, the Tm3+
states 3F2 and 3F3 are very close in energy to the 3H4 and will
decay nonradiatively into it, hence in this example only the
latter is included.
The program solves the system of equations from t = 0 to t =
tf, where tf depends on the longest lifetime in the system.
A number of diﬀerent processes aﬀect the population of each
state, like decay to other states, absorption, or energy transfer.
We now address the most relevant ones.
Decay to the Ground or Excited State. Each excited state
will decay with a probability inversely proportional to its
lifetime

(7)

where Nis (Nip) is the time-dependent population probability
(henceforth named population) of level s (p) of ion i and Njq is
the time-dependent population of level q of another ion j. f may
depend on several levels of ion i and several levels of more than
one ion j.
Nis(t) can be understood as the probability that the ion is in
the state i at time t. The sum of the probabilities is normalized
to unity, for an ion i with n energy levels ∑ns=1 Nis=1.
We will use Nis when discussing the general equations for an
arbitrary system and N1s when giving a speciﬁc example (in this
case, this is the population of level s of ion 1).
Total System of Rate Equations. The total system of
equations combines the rate equations of all levels of every ion
in the sample. For a sample with two Yb3+ ions 1 and 2 and one
Tm3+ ion 3, the following total system of equations includes
pumping, decay, energy migration among Yb3+, and energy
transfer processes to the GS and ﬁrst excited state of Tm3+ (see
Figure 4a for the energy level scheme)

dNsi
= −kiNsi
dt

where ki = 1/τi is the decay probability that includes both the
radiative and nonradiative (multiphonon decay) paths. This
decay can be to the ground state (GS) or to an intermediate
excited state (ES). A branching ratio β indicates the proportion
of population that decays into a speciﬁc state. For example, the
3
H4 state in Tm3+ decays to the ground state (3H6) with a
branching ratio of 70%, the other 30% decaying to the ﬁrst
excited state (3F4). Therefore, for the ground state of a Tm3+
ion 3, the increase in population due to the 3H4 decay is

1
dNGS
dN1
= − ES ,
dt
dt
1
⎛ 1
dNES
4 1 ⎞⎟
1
1
2
2 1
= P ⎜NGS
− NES
− k YbNES
− W12NES
+ W21NES
NGS
NGS
⎝
⎠
dt
3
1
1
− WET,1NES
Nk ,GS − WET,2NES
Nk , 3F4 ,
2
dNGS

=−

dt

2
dNES

dt

3
dNGS
= β 3H ,GSk 3H4N 33H
4
4
dt

,

2
2
− WET,1NES
Nk ,GS − WET,2NES
Nk , 3F4 ,
3
dN 33F
dN33H
dN 33H
dNGS
4
5
4
=−
−
−
,
dt
dt
dt
dt
5

dt

1
3
2 3
= −k 3H5N 33H + WET,1NES
+ WET,1NES
NGS
NGS ,

i
⎞
⎛
g
dNES
i
i ⎟
t = P ⎜⎜NGS
− GS NES
⎟
d
gES
⎠
⎝

5

dN 33F

4

dt

= −k 3F4N 33F + β 3H , 3F k 3H4N 33H + β 3H , 3F k 3H5N 33H
4

4

4

5

4

4

dN 33H

4

dt

where P is the total pumping rate (cm−3 s−1) that includes the
absorption cross section and pump power density and gs is the
total degeneracy of level s. For Yb3+, gGS = 4 and gES = 3.
To simulate a standard lifetime experiment P is deﬁned as

4

1
2
= −k 3H4N 33H + WET,2NES
N 33F + WET,2NES
N 33F
4

4

(11)

5

1
2
− WET,2NES
N 33F − WET,2NES
N 33F ,
4

(10)

where β3H4,GS = 0.7 is the branching ratio, k3H4 the decay
constant, and N33H4 the population of the 3H4 level of ion 3. The
β are normalized to unity; for example, β3H4,GS + β3H4,3F4 = 1.
Absorption or Pumping. At the beginning of the simulation
all ions are in their GS. The program simulates optical pumping
on a level NiES and also takes into account the stimulated
emission

2
⎛
⎞
g
dNES
2
2 ⎟
2
2 1
1
2
= P ⎜⎜NGS
− GS NES
⎟ − k YbNES − W21NESNGS + W12NESNGS
dt
gES
⎝
⎠

dN 33H

(9)

4

(8)

⎧ P if t < Δt
⎨
⎩ 0 if t > Δt

(12)

where Δt = 10 ns is the typical pulse width of the OPO laser. A
larger Δt can be used to approximate longer pulses like those of
a lamp, chopper, or modulated laser.
To simulate steady state experiments (power dependence,
see below) P remains constant for the duration of the
simulation.
Energy Transfer and Migration. An excited ion can transfer
its energy to a nearby ion in its ground state. In general, an
energy transfer process between ions i and j involves levels NiGS,
NiES, NjGS, and NjES (see Figure 4b) and is described by (not
taking decay into account)

Figure 4. (a) Energy level scheme for Yb3+ and Tm3+. (b) Scheme of a
two-level−two-ion system with energy transfer.
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Figure 5. Comparison between experimental decay curves after Yb3+ 2F5/2 excitation of β-NaYF4: 25% Yb3+, 0.3% Tm3+ (black lines) and the
simulations (dashed red lines). (a) Yb3+ excited state (2F5/2), (b) Tm3+ 3F4, (c) 3H5, (d) 3H4, (e) 1G4, and (f) 1D2 states.
i
dNES
j
j
i
i
= −Wi , jNES
NGS
+ Wj , iNES
NGS
dt
j
dNES
j
j
i
i
= + Wi , jNES
NGS
− Wj , iNES
NGS
dt

excited state of a second ion. The requirements for this transfer
are the same as for the GS transfer: similar energy diﬀerence
between the levels involved (phonons can compensate small
diﬀerences) and population of the initial states.
The expression for the rate equation is similar to the energy
transfer case. For example, an Yb3+ ion 1 transfers its energy to
a Tm3+ ion 3 in its 3F4 state (ﬁrst ES) exciting it to the 3H4
state. The Yb3+ populations are N1GS and N1ES and the Tm3+ ones
are N33F4 and N33H4. For the Yb3+

(13)

where Wi,j is the ET rate between ions i and j and both i → j
and j → i energy transfers are included. Because of the
diﬀerences in energy ΔE and spectral overlap between levels
NiES and NjES, the ET rates Wi,j and Wj,i are in general not the
same. If ions i and j are of the same kind, then Wi,j = Wj,i
(energy migration). If ion i is a sensitizer and j an activator, j →
i ET is usually called back-transfer, as the sensitizer ﬁrst
transfers energy to the activator and then the activator transfers
it back to the sensitizer. The ET rates Wi,j and Wj,i depend on
the distance (eqs 4 or 6) between the ions i and j.
For an Yb3+ ion 1 close to an Yb3+ ion 2, the program
simulates this process as
1
dNES

dt

1
dNES
1
= −W13NES
N 33F
4
dt
1
dNGS
1
= + W13NES
N 33F
4
dt

where W13 is the ETU rate. For the Tm3+
dN 33F

4

=

1
2
−W12NES
NGS

+

2 1
W21NES
NGS

(15)

dt

(14)

dN 33H
4

where N1ES indicates the population of the excited state on ion 1
and N1GS = 1 − N1ES is the population of the ground state. For
the simple case of Yb3+ the GS corresponds to the 2F7/2 state
and the only ES to 2F5/2; moreover, W12 = W21 because the
spectral overlap and energy of all Yb3+ ions in the sample are
assumed to be the same. Small crystal-ﬁeld-induced perturbations are smoothed by the eﬀect of phonons at room
temperature. The equation for ion 2 is analogous.
The solution of this system of equations shows that the
energy migrates among the ions; that is, after the excitation
pulse Yb3+ ions initially fully in their GS have now population
in their ES.
ETU and Cross Relaxation. An excited ion can transfer its
energy not only to the ground state but also to an intermediate

dt

1
= −W13NES
N 33F

4

1
N 33F
= + W13NES

4

(16)

Cross relaxation occurs between two ions (often of the same
kind) and, as explained in the Introduction, is the opposite
process to ETU. The contribution to the system of equations is
therefore similar to eqs 15 and 16 and is not explicitly discussed
here.

■

COMPARISON WITH EXPERIMENTAL DATA
The solution of a total system of equations (eqs 8) is the
population of each energy level (in the example N1GS, N1ES, N2GS,
N2ES, N3GS, N33F4, N33H5, and N33H4) as a function of time. The
population of individual ions cannot be measured experimen23653
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tally, but the average population of each excited state is
experimentally accessible. For example
NYb,ES =

Table 1. Fixed Parameters Used for the Simulation in Figure
5a

1 1
2
(NES + NES
)
2

NTm, 3F4 = N 33F

4

NTm, 3H4 =

N 33H
4

NTm, 3H5 = N 33H

5

state

lifetime

branching ratio (ﬁnal state)

Yb3+ 2F5/2
Tm3+ 3F4
3
H5
3
H4
3
F3
1
G4

2.3 ms
12 ms
25 μs
2 ms
500 μs
675 μs

1

500 μs

0.6 (3H6), 0.4 (3F4)
0.7 (3H6), 0.3 (3F4)
0.6 (3H6), 0.1 (3F4)
0.15 (3H5), 0.15 (3H4)
0.5 (3H6), 0.5 (3F4)

(17)
D2

The total system of equations depends on a few parameters,
in that simple case: P, kYb, W12 = W21, WET,1, WET,2, k3F4, k3H4,
β3H5,3F4, and β3H4,3F4. Experiments determine some of them: the
lifetimes, branching ratios, and pumping power using,
respectively, decay curves of single-doped samples, emission
spectra, and the absorption coeﬃcient of the material at the
pumping wavelength. However, the transfer rates (W12, WET,1,
and WET,2) are not directly accessible.
The program compares the results of the simulation with
diﬀerent sets of experimental data. Those parameters are
adjusted in order to obtain a good ﬁt between simulations and
experiments.
We now compare the simulations with three diﬀerent and
independent experiments. The rate equation system used for
these experiments includes the levels 3F4, 3H5, 3H4, 1G4, and
1
D2 from Tm3+ and both levels from Yb3+. The equations are
similar to eqs 8 with additional terms for the ETU steps and
decay from the 1G4 and 1D2 levels. The number of unit cells
involved is 20 × 20 × 20 with a cutoﬀ distance of 20 Å.
Time Evolution of Upconversion Intensity. Rise and
decay curves are proportional to the population of the excited
states as a function of time. The experimental curves can be
directly compared with the simulated ones. Figure 5a−e
compares the decay curves, under 980 nm Yb3+ 2F5/2 excitation,
of the Yb3+ 2F5/2 state and the Tm3+ 3F4, 3H5, 3H4, 1G4, and 1D2
states, with NYb,ES, NTm,3F4, NTm,3H5, NTm,3H4, NTm,1G4, and NTm,1D2,
respectively (see also Figure 4).
The simulation shows which parameters aﬀect the population
of that level, both directly (the parameters that appear in the
equation of that level) and indirectly through the populations
of other levels. The optimal values of the parameters were
obtained by ﬁtting the simulation to the experimental data. The
free parameters ﬁtted to obtain Figure 5 are the Yb3+ energy
migration rate, four Yb3+ to Tm3+ ETU rates, and a Tm3+ to
Yb3+ back-transfer rate. All other parameters (lifetimes and
branching ratios) were ﬁxed to their experimental values (Table
1), which were measured in independent experiments.
Power Dependence (Steady State). Power dependence
experiments contribute valuable information on the upconversion processes in a material. In such an experiment, the
emission spectrum is measured under continuous excitation at
diﬀerent pump powers. In many cases, at low power P, the
relationship between emission intensity I of a process involving
n photons and power is I ∝ Pn.29,30 In that case, a log−log plot
of the emission intensity versus the power can be ﬁt to a line
with slope n.
The program simulates steady-state conditions by ﬁxing a
pump rate throughout the duration of the simulation. When the
simulation time ends the populations have reached a steady
state, so that their time derivatives are zero. Then it records the

a

These parameters were experimentally obtained from decay curves
and emission spectra of low doped samples.

average populations of the excited states as a function of the
power.
Three diﬀerent power regimes exist (see Figure 6a). In the
low power limit, the slopes tend to the number of photons

Figure 6. Log−log plots of emission intensity as a function of
excitation power for various Tm3+ levels in a β-NaYF4: 25% Yb3+, 0.3%
Tm3+ sample. (a) Overview of the simulated results. (b) Comparison
between experiment and simulation. The experimental (and in
parentheses the simulated) low-power and high-power slopes are
given for each level.

involved in the population of that level. This is a general rule of
thumb, but it is necessary to analyze the upconversion
mechanism in detail in order to arrive at the correct slope.
This is the power regime most accessible to experiments.
In the high power regime the slopes decrease and tend to
unity, as the intermediate levels saturate, and increases in power
23654
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by the high concentration of Yb3+ become a new sink of energy,
and the lifetimes of Yb3+ and Tm3+ decrease.
Only two samples were used to ﬁt all parameters and obtain
the curves that predict this behavior: a 0.3% Tm3+ sample to
determine the intrinsic 3H4 lifetime and a 25% Yb3+, 0.3% Tm3+
sample to ﬁt the other parameters. These parameters are the
same as in Figures 5 and 6.
Number of Free Parameters. A large number of
parameters will ﬁt any data. This simulation involves several
parameters, but only few of them are actually free; i.e., no
experiment can directly determine them.
The total number of parameter depends on the mechanisms
taken into account when building the total system of equations.
In the examples here, the simulations include pumping, decay,
branching ratios, energy migration, ETU, and back transfer
rates. Lifetime (exciting directly into each emitting state),
absorption, and emission experiments ﬁx the pump and decay
rates and the branching ratios, respectively. The multipolarity of
the interaction, energy migration, energy transfer, and ETU
rates constitutes the seven free parameters for the β-NaYF4:
Yb3+, Tm3+ system discussed here.
Experimentally, the decay curves of seven excited states were
measured (2F5/2 of Yb3+ and 3F4, 3H5, 3H4, 3F3, 1G4, and 1D2 of
Tm3+) when pumping the Yb3+ 2F5/2 state and another seven
curves when pumping the 3H4 state of Tm3+. Moreover, the
power dependence of each emission provides seven additional
experimental data sets. In total there are 21 experimental data
sets to ﬁt seven free parameters, so the system is not
overparametrized, and these simulations represent an accurate
and powerful new research method.

have less eﬀect than before. If one of the states has a much
longer lifetime than the others, it will become the rate-limiting
state. The dynamics of the system will be determined by this
bottleneck.
In the very high power regime, often not experimentally
accessible, saturation is achieved as the eﬀects of stimulated
emission become relevant, and the slopes tend to zero as the
population of the sensitizer excited state tends to an
equilibrium state. The sensitizer populations in this equilibrium
are given by NGS = (gGS/gES)NES and NES = gES/(gGS + gES). For
Yb3+ it corresponds to NGS = N2F7/2 = 4/7 and NES = N2F5/2 = 3/
7.
In an experiment, the emission intensity can decrease if the
pump beam heats the sample, and loss processes (like
multiphonon relaxation) increase and depopulate the excited
states more eﬃciently. This simulation does not take this
phenomenon into account.
Figure 6b shows the comparison between the experimental
and simulated slopes for various Tm3+ levels for a β-NaYF4:
25% Yb3+, 0.3% Tm3+ sample. The parameters used in the
simulation are the same as in Figure 5.
The agreement between experiment and simulation is good,
except for the 3F4 slope that is signiﬁcantly higher for the
experiment than for the simulation. This indicates that some
parameters are not optimal or that other processes are relevant
but are not included in the rate equations.
Concentration Dependence. The concentration of the
sensitizer and activator greatly aﬀects the luminescence and
decay curves of both kinds of ions.
The ﬁrst step of the simulation (Simulation of the Lattice)
ﬁxes the concentration of the sensitizer and activator. However,
the program can also generate lattices containing diﬀerent
concentrations and use them to run the simulation with the rest
of the parameters ﬁxed. The lifetimes of the diﬀerent Tm3+ and
Yb3+ levels change with the Yb3+ concentration. Figure 7a
shows a comparison between the simulated and the
experimental average lifetime of the Tm3+ 3H4 level. The
agreement is very good except at very high concentrations,
where the self-quenching of the Yb3+ ions increases. The traps
introduced (unwanted impurities) or generated (lattice defects)

■

COMPARISON WITH ANALYTICAL THEORIES
Several analytical theories predict the decay curve of a sensitizer
in the presence of an activator. We brieﬂy review the most
relevant ones and compare them to our simulations.
Inokuti−Hirayama. The Inokuti−Hirayama theory assumes that migration among sensitizers (or activators) does
not happen, so that transfers only take place from sensitizers to
activators in their ground state (linear transfers).9 The decay
curves show initially a fast decay due to the transfer from S to A
that are close together, followed by a slower decay that
corresponds to pure S decay to its ground state (see Figure 8a).
Because RE ions exhibit small Stokes’ shifts, energy migration is
always present even at low concentrations. However, samples
with very low S concentration may show this decay proﬁle.
We have simulated this for a concentration of 0.05% Yb3+
and 5% Tm3+. The results reproduce the important features of
the Inokuti−Hirayama theory: The decay is faster at the
beginning due to S → A transfer and slower at later times as
isolated S ions decay with their own intrinsic lifetime. The
simulation does not exactly agree with the theory, though. The
Inokuti−Hirayama theory does not take into account the
discrete ion separation in a lattice, especially the fact that there
is a minimum distance between S and A ions. The simulations,
however, consider a discrete lattice and take this automatically
into account.
A double exponential ﬁt (named “no diﬀusion ﬁt” in the
ﬁgure) is in good agreement with the simulation. The fast decay
component of the ﬁt reproduces the transfer to ﬁrst neighbors
A ions at a minimum distance Rm = 7.3 Å. However, the
simulated average distance between S and A ions is about 25 Å,
with a wide distribution (see Figure 8b). This indicates that

Figure 7. (a) Dependence of the average lifetime of the Tm3+ 3H4
level on the Yb3+ concentration x for β-NaYF4: x% Yb3+, 0.3% Tm3+
after Tm3+ 3H4 797 nm excitation. The inset shows the low
concentration region. Experimental data are shown as black squares
and simulated results as red circles. The experimental error bars are
smaller than the symbols. (b) Experimental and simulated decay
curves of the same samples.
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Figure 8. (a) Population of the Yb3+ 2F5/2 excited state in β-NaYF4:
0.05% Yb3+, 5% Tm3+. Comparison of the simulation (black thick line)
with the Inokuti−Hirayama theory (red dashed line) and a no
diﬀusion ﬁt (double-exponential function, blue thin line). Fit
parameters for the Inokuti−Hirayama theory τ = 2.2 ms, s = 10, cA/
c0 = 0.83, and for the diﬀusion ﬁt Rm = 7.3 Å. (b) Histogram of the
distribution of ﬁrst neighbor Yb−Tm distances R in β-NaYF4: 0.05%
Yb3+, 5% Tm3+.

Figure 9. Population of the Yb3+ 2F5/2 excited state in β-NaYF4: 10%
Yb3+, 0.3% Tm3+. Comparison of the simulation (black thick line) with
various theories that take energy migration into account: Zusman (red
line, hopping time τ0 = 2.3 ms), Burshtein̆ (blue line, average ET rate
WET = 60 s−1), Yokota−Tanimoto (green line, diﬀusion constant D =
10−12 cm2 s−1), and single exponential ﬁt (magenta dashed line,
lifetime τ = 3.7 ms). All theory ﬁts are very close to each other.

with our simulation for a β-NaYF4: 50% Yb3+, 0.3% Tm3+
sample, where energy migration is strong, shows that both
models give the same result.
Zubenko’s model extends Grant’s by having time-dependent
energy transfer rates instead of constants. In a simple donor to
acceptor transfer, the time-dependent energy transfer rate is8,18

most S ions do not transfer to other A ions but decay
radiatively instead.
̆ and Yokota-Tanimoto. The models
Zusman, Burshtein,
by Zusman and Burshtein̆ take into account S to A transfer and
also S to S energy migration by a hopping mechanism.10−13
Energy hopping means that energy from an S jumps to another
S with a certain probability. The relative magnitudes of the
decay and hopping lifetimes depend on the relative strength of
the S−S and S−A interactions and also on the concentration of
S ions.
̆
The Yokota−Tanimoto theory, like Zusman and Burshtein,
deals with migration among the sensitizers, but it does so using
a diﬀusion approximation.14,15 In this theory, energy diﬀuses
among sensitizers with a diﬀusion parameter that depends on
the strength of the interaction and concentration.
The diﬀusion model is valid when the S−A interaction is
stronger than the S−S one, while the hopping model is valid in
the opposite case.13,28
Figure 9 shows a comparison between these theories and our
simulations. In a β-NaYF4: 10% Yb3+, 0.3% Tm3+ sample, the
theories and our simulation are in overall agreement. All the
theories predict a faster decay at the beginning, while our
simulation shows a slower change. This indicates that our
simulation models a faster migration for that concentration
than the theories do. Again, we explain this by noting that the
simulations take into account the detailed distribution of
distances between the ions, while the theories resort to either a
continuum approximation or transfers to ﬁrst neighbors only.
In this case the theories predict a faster decay because they
assume that an S ion will transfer to the nearest A ion, while the
simulation “shares” the excitation among all possible S and A
ions depending on their distances. (As the distance increases, so
do the number of possible interacting ions and the transfer
probability to more distant S ions.)
Grant’s and Zubenko’s Rate Equations. As discussed
before, average rate equation models (Grant’s model) can deal
with nonlinear transfer terms like upconversion, but they
assume a very fast diﬀusion, which may or may not be
appropriate for some systems, especially with low dopant
concentration.17 Comparing the average rate equation model

WET(t ) =

2π 2
3

⎛ t
⎛ t⎞
C DA ⎡ τ0
⎢
exp⎜ − ⎟ + erf⎜⎜
τ0 ⎢⎣ πt
⎝ t0 ⎠
⎝ t0

⎞⎤
⎟⎟⎥
⎠⎥⎦

However, for a more complex system like Yb3+ and Tm3+
similar functions have to be derived to account for the several
transfer steps from Yb3+ to Tm3+, back transfer from Tm3+ to
Yb3+, and cross-relaxation among Tm3+ ions. Then the rates
have to be included in a rate equation system, and this system
has to be solved. This added complexity hinders the application
of this model to systems that include several energy transfer
steps.

■

CONCLUSIONS
Our new model provides a way to link experimentally accessible
macroscopic parameters with microscopic parameters that
describe in detail the energy transfer and upconversion
processes in a speciﬁc material. The model takes into account
energy migration and hence is able to correctly predict the time
evolution of the system under diﬀerent concentrations and
excitation powers.
Experimentally at least three samples are required: a
sensitizer-doped, an activator-doped, and a sensitizer- and
activator-codoped sample to determine some of the parameters
of the simulation and to compare the decay curves and power
dependence with the model.
The simulation requires as inputs the lattice vectors and unit
cell parameters, number of unit cells, cutoﬀ distance, and
concentrations of the active ions. Then the relevant energy
transfer and upconversion processes are added to the rate
equations. The resulting total system of equations is solved
using numerical methods.
Finally, the experimental data and the simulations are
compared in order to ﬁt the free parameters. Once the free
parameters are ﬁtted, the program can simulate the eﬀect of
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diﬀerent concentrations and excitation powers. These parameters describe the microscopic interactions in a material and
allow a better understanding and, eventually, the design of
better upconversion phosphors.
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